Electromagnetic quasinormal modes of the nearly-extremal
  higher-dimensional Schwarzschild-de Sitter black hole by Panotopoulos, Grigoris
ar
X
iv
:1
80
7.
03
27
8v
2 
 [g
r-q
c] 
 24
 A
ug
 20
18
August 27, 2018 1:15 WSPC/INSTRUCTION FILE Extremal˙MPLA˙R2
Modern Physics Letters A
c© World Scientific Publishing Company
Electromagnetic quasinormal modes of the nearly-extremal
higher-dimensional Schwarzschild-de Sitter black hole
Grigoris Panotopoulos
Centro de Astrof´ısica e Gravitac¸a˜o-CENTRA, Departamento de F´ısica,
Instituto Superior Te´cnico-IST, Universidade de Lisboa-UL,
Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal
grigorios. panotopoulos@tecnico. ulisboa.pt
Received (Day Month Year)
Revised (Day Month Year)
We obtain an analytical expression for the electromagnetic quasinormal spectrum of
the higher-dimensional nearly-extremal Schwarzschild-de Sitter black hole. The WKB
method is used to verify the results, and a comparison with known results from previous
works is briefly made as well.
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1. Introduction
Quasinormal (QN) modes characterize the dumbed oscillations of the geometry of
space time when a black hole is perturbed, and they give us information about the
stability of these perturbations.1–7 Recently they attracted a lot of renewed interest
thanks to the direct detection of gravity waves seen by the LIGO collaboration.8–10
Gravity wave Astronomy may test gravity and probe strong gravitational fields,
while by observing the quasinormal spectra, at least in principle, we may determine
the black hole parameters, such as mass, charge and angular momentum. However,
one should bear in mind that as it has been pointed out e.g. in,11, 12 the uncertainty
in mass and angular momentum is large, leaving space for alternative theories. For
reviews on the topic see e.g.13–15
The current cosmic acceleration16, 17 as well as the AdS/CFT correspon-
dence18, 19 motivate the study of spacetimes with a non-vanishing cosmological
constant. Furthermore, Kaluza-Klein theory,20, 21 supergravity22 and Superstring
Theory23, 24 suggest and/or require that extra spatial dimensions may exist. It thus
becomes clear that it would be interesting to see what kind of quasinormal spectra
one expects to see when a higher-dimensional de Sitter or anti-de Sitter black hole
is perturbed.
The topic of QN modes is undoubtedly a very active and rich field. Here, however,
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we shall not consider cases such as purely Schwarzschild BHs, purely de Sitter BHs,
rotating BHs or alternative theories of gravity. The quasinormal frequencies of the
Schwarzschild-de Sitter in 4 dimensions have been studied e.g. in25–27 and references
therein (see also e.g.28, 29 and references therein for works on Schwarzschild-anti-de
Sitter). In particular, in25 an analytical formula for the QN modes was obtained for
the nearly-extremal black hole, in26 the QN frequencies were computed employing
the WKB semi-analytical approximation,30, 31 and in27 the authors computed the
high overtones of the 4D Schwarzschild-de Sitter black hole.
In higher dimensions, D > 4, QN modes have been studied e.g. in32–37 and ref-
erences therein. An extensive search of QNMs of the higher-dimensional Reissner-
Nordstro¨m-de Sitter black hole, both in time and in frequency domain, was realized
in.32 An analytical formula for the QN spectrum for scalar perturbations of the
higher-dimensional Schwarzschild-de Sitter black hole in the near extremal case,
similar to the one found in,25 has been obtained in.33 In34 the extension to higher
dimensions of the Zerilli equation for polar (even parity) and of the Regge-Wheeler
equation for axial (odd parity) gravitational perturbations was given, and the QN
spectrum for gravitational perturbations of the nearly-extremal higher-dimensional
Schwarzschild-de Sitter black hole can be found in.14 However, to the best of our
knowledge, an analytical expression for the QN spectrum of the nearly-extremal
higher-dimensional Schwarzschild-de Sitter black hole for electromagnetic pertur-
bations is still missing.
It is precisely the goal of this short article to fill this gap in the literature.
Therefore, here we compute for the first time the QN modes of the nearly-extremal
Schwarzschild-de Sitter black hole in D > 4 dimensions for electromagnetic per-
turbations. Our work is organized as follows: In the next section we present the
structure horizon of the black hole as well as the effective potential that enter into
the Scro¨dinger-like equation, and in section 3 we obtain an analytical expression
for the quasinormal spectrum in the near extremal case. We compare with results
obtained within the WKB semi-classical approximation as well. We summarize our
work in the fourth section. We set Newton’s constant to unity, GN = 1, and we
adopt the mostly positive metric signature (−,+, ...,+).
2. The higher-dimensional black hole
We consider Einstein’s field equations in vacuum with a positive cosmological con-
stant ΛD in a D-dimensional space time
Rµν − (1/2)Rgµν + ΛDgµν = 0 (1)
with gµν being the metric tensor, Rµν the Ricci tensor and R the Ricci scalar. The
maximally symmetric solution of the field equations is the Schwarzschild-de Sitter
solution given by
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2D−2 (2)
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where r is the radial coordinate, and Ω2D−2 is the line element of the unit D − 2-
sphere, while the metric function is given by
f(r) = 1− 2M
rD−3
− r
2
a2
= −r
D−1 − a2rD−3 + 2Ma2
a2rD−3
(3)
where M is the mass of the black hole, and a is a length scale related to the
cosmological constant, ΛD = (D− 1)(D− 2)/(2a2). To study the horizon structure
one has to find the roots of the equation f(r) = 0. Provided that
M2
a2(D−3)
<
(D − 3)D−3
(D − 1)D−1 (4)
there are i) two real positive roots corresponding to an event horizon rH , and a
cosmological horizon, rc > rH , and ii) a bunch of more roots, either negative or
complex, ri, with the index i = 1, 2, .., D− 3. Therefore the metric function can be
factorized as follows
f(r) = − (r − rH)(r − rc)(r − r1)...(r − rD−3)
a2rD−3
(5)
To compute the QN frequencies ωn of electromagnetic perturbations, one has to
solve a Scro¨dinger-like equation of the form
d2ψ
dr2
∗
+ (ω2 − VS,V )ψ(r∗) = 0 (6)
where the so-called tortoise coordinate r∗ is given by
r∗ =
∫
dr
f(r)
(7)
The effective potentials VS,V (r∗) for electromagnetic perturbations are of two types,
namely scalar-type (S) and vector-type (V), and they are given by35, 38
VS(r) = f(r)
[
l(l +D − 3)
r2
+
(D − 2)(D − 4)f(r)
4r2
− (D − 4)f
′(r)
2r
]
(8)
and
VV (r) = f(r)
[
(l + 1)(l +D − 4)
r2
+
(D − 6)(D − 4)f(r)
4r2
+
(D − 4)f ′(r)
2r
]
(9)
where the prime denotes differentiation with respect to r. When D = 4 both ex-
pressions collapse to the well-known case VEM = f(r)[l(l + 1)/r
2], where l is the
degree of angular momentum.
3. The spectrum in the near extremal case
In this section we show that when rH ≃ rc the effective potential that enters into
the Scro¨dinger-like equation takes the Po¨schl-Teller form39
V (x) =
V0
cosh2(α(x − x0)) (10)
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with V0 being the height of the potential and α being its width. It is known that
for a potential of this form one can obtain an exact analytical expression for the
quasinormal frequencies40
ωn = ±
√
V0 − (α/2)2 − α(n+ 1/2)i (11)
where n = 0, 1, 2, ... is the overtone number. We can rewrite the previous formula
equivalently as follows
ωn
α
= ±
√
V0/α2 − 1/4− (n+ 1/2)i (12)
To prove this we closely follow the notation of.25, 33 First, since rH < r < rc,
when rc ≃ rH the radial coordinate is approximately constant r ≃ rH , and the
factorized form of the metric function f(r) becomes approximately
f(r) ≃ A(r − rH)(rc − r) (13)
where the constant A is related to the surface gravity κ = (1/2)f ′(rH) through the
simple relation A(rc − rH) = 2κ. Then the integral for the tortoise coordinate can
be performed exactly finding r as a function of r∗ in a closed form
r =
rH + rce
2κr∗
1 + e2κr∗
(14)
Therefore, f(r) as a function of the tortoise coordinate is found to be
f(r∗) =
(rc − rH)κ
2cosh2(κr∗)
(15)
Finally, in the expressions for the effective potentials we observe that when rc ≃ rH ,
both the metric function and its derivative are negligible compared to the angular
momentum term, which is the dominant one. Therefore, the effective potential for
the perturbations takes approximately the form of the Po¨schl-Teller form with width
α = κ and height
V V0 =
κ(rc − rH)(l + 1)(l +D − 4)
2r2H
(16)
for vector-type, and
V S0 =
κ(rc − rH)l(l +D − 3)
2r2H
(17)
for scalar-type.
The main result of this short article is thus summarized in the following two
formulas
ωVn,l
κ
=
√
(rc − rH)(l + 1)(l +D − 4)
2κr2H
− 1/4− (n+ 1/2)i (18)
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for vector-type, and
ωSn,l
κ
=
√
(rc − rH)l(l +D − 3)
2κr2H
− 1/4− (n+ 1/2)i (19)
for scalar-type, while the surface gravity is terms of the parametersM,a is computed
to be33
κ =
(
1
a2
− M
2
a2(D−2)
(D − 1)D−1
(D − 3)D−3
)1/2
(20)
We see that the real part of the modes depends on the degree of angular mo-
mentum only, while the imaginary part of the frequencies depends entirely on the
overtone number. Furthermore, for D = 4 we recover the spectrum for scalar and
electromagnetic perturbations studied in,25 while the spectrum for scalar-type and
for arbitrary D coincides with the spectrum for scalar perturbations studied in.33
As an example we consider the case where D = 5,M = 1, a = 2.829. The
horizons and the surface gravity are computed to be rH = 1.98, rc = 2.02 and
κ = 0.01. The real and imaginary part of the modes for vector-type are shown in
Table 1 for l = 1 up to l = 10 and for n = 0 up to n = 9.
Table 1. Real and imaginary part of the QNMs
(vector-type) for D = 5,M = 1, a = 2.829.
Degree l Re(ω) Overtone n Im(ω)
1 0.0135 0 -0.0051
2 0.0211 1 -0.0152
3 0.0284 2 -0.0254
4 0.0357 3 -0.0356
5 0.0430 4 -0.0457
6 0.0503 5 -0.0559
7 0.0575 6 -0.0660
8 0.0648 7 -0.0762
9 0.0720 8 -0.0864
10 0.0793 9 -0.0965
3.1. Comparison with the WKB method
To verify our results we make comparison with the semi-analytical WKB approx-
imation,30, 31 which in the eikonal limit (l → ∞) becomes increasingly accurate.
Following the ideas and the formalism developed in,41 in the eikonal limit the QN
modes of black holes in any spacetime dimensionality are determined by the param-
eters of the circular null geodesics
ωl≫1 = Ωcl − i
(
n+
1
2
)
|λL| (21)
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where the Lyapunov exponent λL is given by
41
λL =
√
1
2
f(r1)r21
(
d2
dr2
f
r2
) ∣∣∣∣
r=r1
(22)
while the angular velocity Ωc at the unstable null geodesic is given by
41
Ωc =
√
f(r1)
r21
(23)
with f(r) being the metric function, and r1 is the root of the algebraic equation
41
2f(r1)− r1f ′(r)|r1 = 0 (24)
It is straightforward to verify that precisely the same expression for the QN fre-
quencies in the eikonal regime can be obtained by the WKB method of first order
iQ(r1)√
2Q(2,∗)
= n+
1
2
(25)
where Q = ω2 − V , r1 minimizes Q, and Q(2,∗) is the second derivative of Q with
respect to the tortoise coordinate evaluated at r1.
In the same regime, l ≫ 1, our formula becomes approximately
ωth
κ
≃ l
√
rc − rH
2κr2H
− i
(
n+
1
2
)
(26)
Clearly both expressions have the same structure, namely there is a positive real
part proportional to l without n dependence, and a negative imaginary part without
l dependence, and with precisely the same n dependence, (n+1/2). In addition, we
can see that the Lyapunov exponent coincides with the surface gravity, κ = |λL|.
We now explicitly demonstrate that for the five-dimensional black hole. First
we note that the parameters M,a of the black hole are related to the event and
cosmological horizons as follows
a2 = r2H + r
2
c (27)
M =
r2Hr
2
c
2(r2H + r
2
c )
(28)
and that the solution of the algebraic equation (24) in the D = 5 case is just
r1 = 2
√
M . Then all quantities of interest, namely surface gravity κ, Lyapunov
exponent λL as well as angular velocity Ωc are computed to be
κ =
r2c − r2H
rH(r2H + r
2
c )
(29)
Ωc =
r2c − r2H
2rHrc(r2H + r
2
c )
1/2
(30)
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|λL| =
√
2Ωc (31)
which in the nearly extremal case a2 → 8M , rc ≃ rH , become
√
2Ωc ≃ κ ≃
(rc − rH)/r2H . Therefore, both expressions (21) and (26) become
ωl≫1
κ
≃ l√
2
− i
(
n+
1
2
)
(32)
and this concludes our derivation.
Finally, in table 2 below we show the real and imaginary part of the QN modes
in the eikonal limit for l = 100, 120, 140, 160, 180, 200 and n = 0, 1, 2, 3, 4, 5. In the
parenthesis the WKB results are shown.
Table 2. Comparison between WKB method (in parenthesis)
and our formula for D = 5,M = 1, a = 2.82845.
Degree l Re(ω) Overtone n Im(ω)
100 0.144 (0.142) 0 -0.001 (-0.001)
120 0.173 (0.171) 1 -0.003 (-0.003)
140 0.201 (0.199) 2 -0.005 (-0.005)
160 0.230 (0.228) 3 -0.007 (-0.007)
180 0.258 (0.256) 4 -0.009 (-0.009)
200 0.287 (0.284) 5 -0.011 (-0.011)
The numerical values obtained show that regarding the imaginary part the agree-
ment is excellent, while regarding the real part the agreement is of the order of 1%.
4. Conclusions
We have studied the electromagnetic quasinormal modes of the nearly-extremal
Schwarzschild-de Sitter black hole in D > 4 dimensions, and we have computed the
spectrum analytically. The real part of the frequencies depends on the degree of
angular momentum only, while the imaginary part on the overtone number only.
Known results from previous works are recovered as special cases. Finally, the WKB
semi-analytical approximation was used to verify our results.
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